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Process:

Heat Transfer Process:

We begin by looking at the heat transfer equation from the hot gas to the wall, where our heat

flux is given by the following equation.

q = hgas(Taw - TW) (1)

gas
That is, the heat flux from the gas to the wall is equal to the heat transfer coefficient (hgas)
multiplied by the difference between the adiabatic wall temperature (Taw) and the true wall
temperature (TW). The adiabatic wall temperature is the temperature that would occur on the

gas-side of the inner wall to cause zero heat transfer, sometimes also called the “equilibrium

temperature”?. This temperature can be defined as!"
1P M (2)
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where Ts is stagnation temperature, y is the specific heat ratio, Pr is Prandtl number, and M is

the local mach number. For compressible, hypersonic flow, calculating the heat transfer

coefficient (hgas) through a boundary layer is difficult, but from Bartz, we have
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Table 1. Bartz correlation terms, definitions, and calculation procedures

Variable Name Calculation Procedure

D, Throat diameter Geometry

- Radius of curvature at throat Geometry

A, Throat cross-sectional area Geometry

A Current cross-sectional area Geometry

C* Characteristic velocity Input parameter
P, Stagnation pressure Eq. (9)

TS Stagnation temperature Eq. (6)

M Local mach number Eq. (7)

<, Combustion gas specific heat Eq. (22)

Y Specific heat ratio Eq. (23)
Pr Prandtl number Pr = _C;l&

A Combustion gas thermal conductivity Eq. (16)

i Combustion gas dynamic viscosity Eq. (17)

It’s important to note that Bartz is very sensitive to the transport properties p and A, which both
vary with temperature, especially within the boundary layer. For greater accuracy, a reference
temperature, T" is used as a compromise between the wall temperature and free stream

temperaturel®),

T*
T
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Note that T and T, both reference the temperature of the free stream external to the boundary

layer.

Thermodynamic Properties:

Calculating the thermodynamic properties for supersonic compressible flow can be done using

the influence coefficient matrix. With zero mass addition, constant c, (it changes by negligible

amounts with temperature), and no chemical reactions, we get (6)-(12)"2.
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where N is the square of the local mach number (M 2), u 1s the local velocity, p is the density, g is

the heat flux from the wall to the gas, dH is the hydraulic diameter (dH = 4A/(2nr), and Rex is

defined as



Re = £ (13)
X

In (13), p is the dynamic viscosity, and x is the distance from the leading edge of the chamber
(the injector face). We can also relate our free stream properties and our stagnation properties

using (14) & (15).

2 (14)

1 MZ y/vy-1 (15)

With these equations, we have accounted for both friction (C f) and heat transfer (q) in our flow

analysis, however, we note that they are all dependent on one another, so in practice, we must use

iterative convergence methods to find a solution.
Gas Properties:

To complete the analysis, we must look at how exactly to calculate the gas transport properties p

and A by using the reference temperature. In this section, we will use the nomenclature T = T to
keep things simple. Calculating these properties for a singular species is relatively
straightforward, as NASA has compiled boatloads of data on the subject, and the coefficients to
(16) & (17) can be found in many open source papers'*. However, because we have multiple
species, the viscosity and thermal conductivity of the mixture becomes slightly more
complicated, shown in (18)-(21)P\. By using the provided coefficients, we can consistently and

correctly calculate the transport properties using T* and use them in the following calculations.
Note that in (18)-(21) i # J, n is the number of species, X is the mole fraction of the species in

the mixture, and M is the molar mass of the species. All coefficients can be found in the

appendix.

In(X) = Aln(T) + -+ Ti +D (16)



In(w) = Aln(T) + = + Ti +D (17)
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After doing the calculations for thermal conductivity and viscosity, the equations for the specific

heat become relatively simplel®. Note that T is, of course T*, our reference temperature, and RU

is the universal gas constant. For the simplicity of the script, we assume Cp and Y to be constant

along the contour, as the temperature variations do not have that large of an effect.

S 2 3 4 (22)
R, —a1+a2T +a3T +a4T +a5T
— — 23
cp c RU (23)
c (24)
y =7

As seen in (22), the specific heat of a single species can be calculated with coefficients a 1-a .

and the specific heat of the mixture is simply determined by partial pressure ratios.



Implementation:

Setup:

For a modular and reusable script, [’ve set up this code in an object-oriented fashion, defining all
of the functions inside an “Engine” class. We currently do not have a way to account for different
fuel types, oxidizers, and OF ratios, as these all have to be manually edited for each new
variation. There are a few global variables, namely the universal gas constant, the molar masses
of each of our product species, the total molar mass of our gas mixture, and the specific gas
constant for our product gas mixture. Other global variables are really only for inputs - the
contour as a pandas DataFrame, the x and radius arrays from the contour, the radius of curvature
at the throat, the initial wall temperature, the initial guesses for thermodynamic properties at the
injector face, the characteristic velocity, and the mass flow rate. These parameters are all lumped
into a new Engine object and methods can be called on this object, namely the

.Run_Heat_Transfer() method.

Iterative Method:

This script uses an iterative convergence method to come to a solution to the complex partial
differential equations as defined above. We start with an initial guess for the thermodynamic
properties at the injector face, and assume that these remain constant along the entire contour.

Using these approximations, we calculate our reference temperature T* by (5) and thereby

calculate our specific heat Cp and specific heat ratio Y by (23) & (24), as well as our other

transport properties (16)-(21). We then calculate our stagnation properties using (14) & (15), as
well as the other initial values of velocity, density, Reynold’s number, and skin friction
coefficient. Note that these should all still be constant along the contour at this point. We then
begin an rk4 algorithm using (7)-(11), which rewrites the values for free stream temperature,
mach number, stagnation pressure, velocity, and density. Plugging these values into (1)-(4), we
get our first solution for heat transfer along the contour. We then use this solution for g in (6) to
adjust our stagnation temperature values, and use the new stagnation and free stream

temperatures to get a new reference temperature T* and start the process over again.



The most important thing to note in this method is the sensitivity of these equations around the

throat. As seen in (7)-(11), the derivatives of these thermodynamic functions all depend on terms

dA

5, and TlN This is problematic because if the mach number does not surpass 1 exactly

such as

at the throat, one of these terms will flip signs while the other does not, changing the sign of the
derivative at that point, leading to cusps, like those shown in figure 1. It’s obvious that these
graphs are undesirable and inaccurate, so we must find a way to align the sign change of these

terms.
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Figure 1. Graphs caused by sign misalignment

Whether the mach number passes 1 exactly at the throat is entirely dependent on the initial
conditions of (7). To solve this issue, we employ an initial guess checker function, which adjusts
the initial mach number guess at the injector face upon each iteration to ensure that the signs are
always aligned. As we can see in figure 2, this adjustment causes smooth and differentiable
graphs for all of our properties along the contour.
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Figure 2. Graph aligned by adjustment function
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